In this note various criteria are given which solve the following problem. Given a locally convex space X and an X-valued function on (0, oo), when does there exist an X-valued function on [0, oo) , usually required to have certain specific properties such as continuity, integrability, etc., whose Laplace transform is the given function? Some of these criteria are new even in Banach spaces.
Pettis integrable function. This is possible due to some recent work of S. Okada which characterizes the completion of the space of strongly measurable, Pettis integrable functions for the topology of convergence in mean, as a space of Pettis integrable functions with values in an auxiliary space containing a copy of the original space. Even for Banach spaces such a criterion was not previously available.
The author would like to thank Professors I. Kluvanek and S. Okada for valuable discussions, especially concerning §5.
Notations and preliminaries.
For a vector-valued function there are many possible ways of defining measurability and integrability. Some of these definitions may be considered as natural extensions of the numerical-valued case. This is in particular true for Bochner integrable functions [3] . However, in practice many functions fail to have such strong properties and hence, more general definitions are needed. In this section we give the basic definitions and results concerning measurability and integrability of vector-valued functions which are needed in the sequel.
Let Jibe a locally convex Hausdorff space, always assumed to be quasi-complete. The space of continuous linear functionals on X and the space of all linear functionals on X are denoted by X r and X*, respectively.
An X'valued vector measure is a σ-additive map m: Jt' -> X, whose domain Jί is a σ-algebra of subsets of some non-empty set Ω. For each x' e X\ the complex-valued measure E •-> (m(E), JC'), E ^Jί, is denoted by (ra, x'). Its variation is denoted by |(m, JC')|.
For each continuous seminorm q on X, let U£ denote the polar of the neighbourhood, q~\ [0, 1] ), of zero. Then the g-semivariation of a vector measure m\Jί-+ X'\% the set function q(m) defined by q(m)(E) = sup{|(m, x')\(E); x' e ££}, E eΛT.
For each continuous seminorm q on X, the function m •-> q(m)(Ω) is a seminorm for the space of X-valued vector measures on Jί. The so-defined topology for the space of X-valued vector measures on Jί is called the topology of convergence in mean.
Let m\Jί-^> Xbc a vector measure. A complex-valued,^-measurable function / on Ω is said to be m-integrable if it is integrable with respect to every measure (m, *'), x' e X\ and if, for every set E e Jί\ there exists an element j E f dm of X such that for each x f e X'. The element j E f dm is denoted simply by (fm)(E). The X-valued map fm:E^ (fm)(E), E^Jί, is called the indefinite integral of the function / with respect to the measure m. The Orlicz-Pettis lemma implies that it is a vector measure.
Let Jί be a σ-algebra of subsets of a non-empty set Ω and λ be a countably additive measure on Jί, either complex-valued or non-negative extended real-valued.
A function /: Ω -* X is said to be Pettis integrable with respect to λ or briefly, λ-integrable, if the function {f,x'):w^> (f(w), JC'), W e Ω, is λ-integrable for each x' e X r , and if, for very set E e Jί, there exists an element f E fdλ of X such that
for each x f ^ X'. The element f E fdλ is denoted simply by (fλ)(E). The Orlicz-Pettis lemma implies that the indefinite integral of /, that is, the map fλ: E »-> (fλ)(E), E^Jf, is an X-valued vector measure. The element (/λ)(Ω) is denoted simply by λ(/).
Let / be an A'-valued function on Ω. If the function (f,x') iŝ -measurable for each JC' G Γ, then/is said to be scalarly measurable. If there exists a sequence f n : Ω -* X, n = 1,2,..., of ^-simple functions based on sets of finite λ-measure such that f{w) = \im n _^O 0 f n (w), for λ = a.e. point w Ξ Ω, then/is called strongly measurable.
A topological space is called a Suslin space if it is the continuous image of a complete, separable metric space. The properties of Suslin spaces are systematically exposed in [20] ; see also [21] . For such spaces there is a strong relationship between the various notions of measurability. Proof. Let Ώ k , k = 1,2,..., be disjoint measurable sets, each of finite λ-measure, whose union is Ω. If K denotes the closure of the convex set (Φ(ψ); ψ <Ξ \}{X), Hψlh < 1}, theniΠs weakly compact.
For
Then m k is a vector measure whose λ-average range, 
Then/is a weakly Borel measurable function on Ω with range contained in K. If E e Jt has finite λ-measure, then it is easily shown that A standard argument using (2), the weak continuity of Φ and the density of the ^-simple functions in L ι {\), shows that Φ is given by (1). It is worth noting that shghtly more has been shown than asserted in the Proposition. Namely, it follows from [5; Theorem 1.2] that the image measure \° f~ι is actually (weakly) Radon. Hence, using an argument similar to that in the proof of IV Corollary 1.2 of [14] , it follows that if g: Ω -» X is another weakly Borel measurable function representing Φ such that λ © g~ι is (weakly) Radon, then/and g agree λ-a.e.
For the remainder of this section Ω = [0, oo) , Jt is the σ-algebra of Borel sets in Ω and λ is Lebesgue measure.
A function /: (0, oo) -» X is said to be a Laplace transform if there for each t > 0, and such that
The relation (4) is denoted by / = φ. Let / be an infinitely differentiable, complex-valued function defined on (0, oo). The Widder differential operators L k , k = 1,2,..., are defined by
The following result follows from [24; VII Theorem lib]. LEMMA 
Let f be a complex-valued function with derivatives of all orders in (0, oo). If for each k
= 1,2,..., f L k (f)dw=O(v), v^oo,
thenf(oo) exists, and
Urn If a function /: (0, oo) -> X has weak derivatives of all orders, in the sense of Definition 3.2.3 in [12] , then the Widder differential operators (5) can be applied to/giving a sequence of X-valued functions w^L k (f)(w) 9 w> 0, forfc = 1,2,....
Laplace transforms of continuous functions.
In Chapter VII, §5 of [24] it is shown that if φ is a continuous, complex-valued function on [0, oo) with a limit at infinity, then
A:-+OO uniformly in 0 < w < oo. Several authors have noted various analogoues of (6) Let ^{X) denote the linear space of all X-valued functions / on (0, oo), with weak derivatives of all orders (see §2), such that
exists in X for each k = 1,2, It is tacitly assumed that whenever / e ^(X) 9 each of the maps L k (f): (0, oo) -> X, k = 1,2,..., has been extended to [0, oo) by declaring its value at zero to be the limit (8). 
In particular, φ belongs to &( X).
Proof. It follows from (4) and (5) that φ has weak derivatives of all orders (equal to (17) for each k = 1,2,...) and that Thus, for A:
It follows from Lemma 2.5 that
Since this holds for all x f e Jf', it follows that the function / is the Laplace transform of φ.
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Conversely, suppose that f=φ for some φ e ^7( X). 9 x')ds 9 w > 0.
Since for each w > 0 and A: = 1,2,..., Denote by ^b( X) the linear space of all bounded, continuous X-valued functions on [0, oo) . If ^b{X) is equipped with the topology induced by the seminorms (7), for each continuous seminorms (7), for each continuous seminorm q on X, then it is a sequentially complete, locally convex space.
An examination of the proof of Proposition 3.2 shows that the sufficiency of the conditions (i)-(iv) did not require the existence of lim^^ φ(w). Accordingly, if/: (0, oo) -* X is a function satisfying the conditions (i)-(iii) of Proposition 3.2 and such that the sequence
is the Laplace transform of a unique function in ^b( X).
The space & b (X) cannot be replaced by the space of all continuous X'valued functions on [0, oo) as the Laplace transform of such functions may not be defined.
Laplace transforms of bounded measurable functions. The proofs
of those criteria which guarantee that a given Banach space valued function is the Laplace transform of a bounded, strongly measurable function and which are formulated in terms of a family of inversion operators, are usually based on the Dunford-Pettis theorem; see for example [17] , [19] , [23] , [25] , As noted in §2, versions of the Dunford-Pettis theorem can be extended to a larger class of spaces. In this section the problem of representing a given function as the Laplace transform of a bounded measurable function is considered in a more general setting. (14) Φ(/)(Ψ) = Γ φ(w)ψ(w) dw 9 ψ e L x (λ).
Since w -> e" wr , w > 0, belongs to L ι (λ) for each / > 0, it follows from (13) that Also condition (ii) implies that lim^^/ίO, x') = 0, for each x' e X'. Hence, Lemma 2.5 and (15) imply that for each x r e X\ (16) </(/), x') = / j™ e~w ί φ(w) dw, A t> 0.
That is,/= φ. Conversely, suppose that φ: [0, oo) -> X is strongly measurable and has relatively weakly compact range. Let K denote the closed balanced convex hull of the range of φ. Since for each k = 1,2,..., the function w >-> w k e~w\ w > 0, is λ-integrable for each t > 0, it follows from Lemma 2.2 that (17) (-1)* f° wV w/ φ(w) Jw is an element of X, for each k = 1,2,..., and ί > 0. It is then easily verified that φ has weak derivatives of all orders; in fact (φ) (k \t) is equal to (17) for each k = 1,2,..., and / > 0.
If x r .e X\ then there is a constant M^ > 0 such that |(Φ(w), x')| < M x ,, for each n> > 0. Accordingly, the estimate
shows that φ vanishes at infinity with respect to the weak topology on X.
It follows from (5) and (17) that L k (φ)(w) is given by (9) for each k = 1,2,..., and w > 0. Since / 0°° ψ(w)φ(w) dw ^ K for each ψ e L x (λ) with Hψl^ < 1 (see proof of Lemma 2.2) it follows from (9) and (11) that L k (φ)(w) e K for each k = 1,2,..., and w > 0. Lemma 2.2 then implies that condition (iii) is satisfied.
It is clear from (12) that Φ k (φ)(ψ) e K whenever ψ is a finitely-valued integrable function with \\^\\ x < 1 and hence, it follows that Φ^(φ)(ψ) e K for all k = 1,2,..., and ψ G L x (λ) such that H^l^ < 1 (recall that K is closed, balanced and convex). Hence, condition (iv) is satisfied.
The above proof is based on the fact that if a subset of a metrizable space is weakly compact then it is also weakly sequentially compact. Suslin spaces also have this property. This follows from a theorem of Hausdorff which asserts the equivalence of compactness and sequential compactness in metric spaces and the fact that a weakly compact subset of a Suslin space is metrizable (see the proof of Proposition 2. =1 is a Cauchy sequence in the space ^( X), then it is not in general possible to deduce the existence of a limit of {L k (f)}% =ι in ^λ{X). This is due to the fact that ^τ( X) is not complete. However, if the function whose transform is / need not assume its values in X, then this difficulty can be overcome.
Throughout this section X denotes a Frechet space with topology specified by a sequence of seminorms q n ,n = 1,2, Let Y be a locally convex Hausdorff space such that there exists a continuous linear injection of X into Y. Then the space Y' can be identified with a subspace of X' which separates the points of X.
A Y-valued function/defined on [0, oo) is said to be (X, 7)-Archimedes integrable with respect to λ, [18] , if there exist vectors c i e X and Borel sets is,, c [0, oo), i = 1,2,..., of finite λ-measurable such that (i) the sequence of sets {Cjλ(F); F Borel, F c E i }f ==ι is summable in X, in the sense of [18] , and The following result provides sufficient conditions for an X-valued function on (0, oo) to be the Laplace transform of an A^-valued, Archimedes integrable function.
